BULLETIN OF THE 
AMERICAN 
MATHEMATICAL SOCIETY 


A HistoricaL AND CRITICAL REVIEW 
OF MATHEMATICAL SCIENCE 


EDITED BY 
EARLE RAYMOND HEDRICK 
WALLIE ABRAHAM HURWITZ JOHN WESLEY YOUNG 
WITH THE ASSISTANCE OF 


DUNHAM JACKSON DERRICK NORMAN LEHMER 
EDWARD KASNER TULLIO LEVI-CIVITA 
HENRY LEWIS REITZ 


VOLUME XXVII 


1920 to 1921 


Published by the 
AMERICAN MATHEMATICAL SOCIETY 
Providence, Rhode Island 02904 


1921 


| 
| 


Reprinted 1969 


¥ 


Whole No. 291 
CONTENTS 


The Seattle Meeting of the San Francisco Section. By Professor 
E. T. - - - - 


Note on a Generalization of a Theorem of Baire. By Professor 
E. W. Carrrenpen— - - - - - - 


Certain Iterative Characteristics of Bilinear vi eres = Dr. 
Norzert WIENER - - 


Necessary and Sufficient Conditions that a Linear Transformation 
he Completely Continuous. By Professor C. A. FiscHEr - 
On the Relation of the Roots and Poles of a Rational Function to 
the Roots of its Derivative. By Mr. B. Z. Linrietp~— - 


Moritz Cantor, the Historian cf Mathematics. By Professor 
Frorran Casori - 3 


Notes - - - - - - - - - - - 


Whole No. 292 
CONTENTS 


The Twenty-Seventh Summer Meeting of the American Mathema- 
tical Society. By Professor ARNOLD DRESDEN - - 


The Chicago Colloquium. By Professor W. A. Hurwitz - 


Note on Velocity Systems in Curved Space of » Dimensions. By 
Professor JosepH LIPKA - - - 


Augustus De Morgan on Divergent Series. By Professor FLORIAN 


Russell’s Introduction to Mathematical — wie Dr. G. 
A. PFEIFFER - - 


Notes - - - - - 


10 


7 


PAGE 


49 
65 


71 


17 


Paes 

| 
28 
39 
46 
- 
94 


Whole No. 293 


CONTENTS 
The October Meeting of the American Mathematical Society. By 
The Mathematical at Professor D. E. 
SMITH - - - - 104 
Note on a Method of Proof in the Theory of Fou’ Sr By 
Professor DunHaM JaAcKsON - 
On Implicit Functions. By Mr. F. H. 
On a Pencil of Nodal Cubics. Second i a By Professor 
NaTHAN ALTSHILLER-CouRT - - - -114 
Hausdorff’s Grundziige der Mengenlehre. By Professor HENRY 
BLUMBERG - - - - - - - - 116 
Shorter Notices - - - - 
New Publications - - - - - 145 


Whole No. 294 
CONTENTS 


PAGE 
The October Meeting of the San Francisco Section. By Profes- 
sor B. A. BERNSTEIN’ - - : - - : - 149 


An Image in Four-Dimensional Lattice Space of the Theory of 
the Elliptic Theta Functions. By ProfessorE. T. - 153 


Note on the Median of a Set of Numbers. By Professor DunHAaM 

JACKSON - - - - - - - - - 160 
Note on Closure of Orthogonal Sets. By ProfessorO. D. Kettoce 165 
The Mathematical Work of Thomas Jan Stieltjes. sil Professor 


R. D. CARMICHAEL - - - - - 170 
Shorter Notices - - - - - - - - - 178 
Notes - - - - - - - - s. axe - 187 


- - 194 


| 


Whole No. 295 
CONTENTS 


The Thirteenth Regular Meeting of the Southwestern Section. 
By Professor Louis Incoup - - - - - -197 


A Remark on Skew Parabolas. By Professor Gino - 201 
The Pseudo-Derivative of a Summable Function. By Professor 


Harr - - += - 202 
Note on Minimal Varieties in i eae By Professor C. L. 

E. MoorE - - 
Notes on Electrical Theory. By Professor H. BareMan - - 217 
Shorter Notices - - - - 2 = 225 
Notes - - - - - - - - - - - 237 
New Publications - : : - - - - - 242 


Whole No. 296 
CONTENTS 


PAGE 


The Twenty-seventh Annual Meeting of the American Mathema- 


tical Society. By Professor R. G. D. Ricuarpson - - 245 
Reciprocal Subgroups of an Abelian ne By Professor G. 

A. MILLER - - - - - - - 266 
Proof of an Arithmetic Theorem due to Liouville. By Professor 

A Sequence of Polynomials connected with the nth Roots of 

Unity. By Dr. T. H. Gronwatt -~ - . - - 275 
The Minimum Area between a Curve and its Caustic. By Pro- 

fessor P. R. RipER - 279 
Shorter Notices - - - - - - - = = 284 


Whole No. 297 
CONTENTS 


The Chicago ay of the ete By Professor ARNOLD 


DRESDEN” - - - - - - 293 
Pleasant Questions and Wonderful Effects. Presidential Address. 

By Professor Frank Mor.ey - - - - 309 
Fallacies and Misconceptions in Diophantine Analysis. By 

Professor L. E. Dickson - - - - 312 
On the Fourier Coefficients of a Continuous Function. By Dr. 

T. H. - - - . 320 
Extension of an Existence Theorem for a Non-self-adjoint Linear 

System. By Professor H. J. Erruincer - -  - 822 


On the Cauchy-Goursat Theorem. By Professor R. L. BorGer 325 
On a General Arithmetic Formula of Liouville. By Professor E. 


T. - - - - - - - 330 
Shorter Notices - - - - 332 
Notes - - - - 336 


Whole No. 298 
CONTENTS 


The February meeting of the American Mathematical Society. 


By Professor R. G. D. Richarpson - - 341 
Note on Equal Continuity. By Dr. J. F.Rirr - - - 351 
A New Method in eeumuend on. By Professor L. E. 

Dickson’ - - - - 353 
The Transformation of sinceel —_ wid Professor J. H. 

McDonaLp - - - - - 866 
Bachmann on Fermats Last Theorem. H. 8. Vanpiver - 373 
Two Books About Airplanes. .By E.W. Brown - - ~~ - 377 
Shorter Notices - - - - = = 882 


Whole Nos. 299-300 


CONTENTS 

PAGE 

The April Meeting of the American Mathematical So- 
ciety. By Professor R. G. D. RICHARDSON........ 389 

The Easter Meeting of the Society at Chicago. By Pro- 
fessor ARNOLD 401 

The April Meeting of the San Francisco Section. By 


The General Theory of Approximations by Polynomials 
and Trigonometric Sums. By Professor DuNHAM 

The Einstein Solar Field. By Professor L. P. EISENHART 432 

A Covariant of Three Circles. By Professor A. B. COBLE 434 


On Skew Parabolas. By Dr. Mary F. Curtis........ 437 

The Dispersion of Observations. By Professor J. L. 

The Isomorphisms of Complex Algebra. By Professor 


On the Generalizations of Certain Formulas in the Mathe- 
matical Theory of Finance. By Professor C. H. 


The Spread of the Newtonian and the Leibnizian Nota- 
tions of the Calculus. By Professor FLORIAN CAjORI 452 

Group Theory Reviews in the Jahrbuch iiber die Fort- 
schritte der Mathematik. By Professor G. A. 


Recent Books on Vector Analysis. By Professor J. B. 

Thirtieth Annual List of Papers. 500 


Dfficial Announcements are printed on the inside of back cover. 


BULLETIN OF THE 


AMERICAN MATHEMATICAL SOCIETY. 


THE SEATTLE MEETING OF THE SAN FRANCISCO 
SECTION. 


A SPECIAL meeting of the San Francisco Section of the 
American Mathematical Society was held at Seattle, on 
Thursday and Friday mornings, June 17-18, in connection 
with the meetings of the Pacific division of the American 
Association for the Advancement of Science. Professor 
Blichfeldt, chairman of the Section, presided at the Thursday 
morning session, Professor Moritz temporarily filling the 
chair during the presentation of Professor Blichfeldt’s paper. 
At the Friday morning session Professor Moritz presided. 
In the absence of Professor Bernstein, Professor Bell acted 
as temporary secretary. 

The attendance included the following twelve members of 
the Society: 

Professor E. T. Bell, Professor H. F. Blichfeldt, Professor 
A. F. Carpenter, Professor E. C. Colpitts, Professor G. I. 
Gavett, Dr. G. F. McEwen, Professor W. E. Milne, Professor 
R. E. Moritz, Professor L. I. Neikirk, Dr. L. L. Smail, Dr. A. 
R. Williams, Professor R. M. Winger. 

The following papers were presented at this meeting: 

(1) Professor W. F. Duranp: “Some points of contact 
between mathematics and applied science.” 

(2) Professor H. F. Buicuretpt: “On the approximate 
representation of irrational numbers, and the theory of 
geometry of numbers.” 

(3) Professor E. T. Bett: “An arithmetical dual of Kum- 
mer’s quartic surface.” 

(4) Dr. T. H. Gronwatt: “On the Minkowski volume and 
surface theory.” 

(5) Professor A. F. CARPENTER: “Congruences associated 
with a ruled surface.” 
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(6) Professor Ftortan “Moritz Cantor, the his- 
torian of mathematics.” 

(7) Professor L. I. Nerkirk: “The functional variable. 
Second and higher derivatives.” 

(8) Dr. L. L. Smart: “Notes on some points in the theory 
of summable series.” 

(9) Dr. L. L. Sam: “Bibliography of the theory of sum- 
mable series.” 

(10) Professor E. T. Bexi: “An image in four dimensional 
lattice space of the theory of the elliptic theta functions.” 

(11) Professor E. T. Betx: “Certain arithmetical conse- 
quences of the equation of three terms in elliptic functions.” 

(12) Professor E. T. Btu: “Systems of higher determinate 
equations.” 

(13) Professor W. E. Mixne: “Infinite systems of vectors.” 

Professor Durand was introduced by Professor Blichfeldt. 
In the absence of the authors, Dr. Gronwall’s paper was read 
by title and Professor Cajori’s was read by Professor Blich- 
feldt. Professor Bell’s last three papers were also read by 
title. Abstracts of the papers follow below. 


1. Professor Durand’s paper first discusses the types of 
problem that arise in applied science with especial reference 
to their mathematical requirements, and suggests certain 
lines for the classification of such problems. Following this 
general view of the subject, mention is made of some specific 
problems for the treatment of which adequate mathematical 
means are still lacking. This section of the paper is intended 
to suggest to mathematicians needs for the further develop- 
ment of mathematical methods and means of analysis in 
order to treat adequately actual problems that arise in various 
fields of applied science. 


2. Professor Blichfeldt discusses certain fundamental the- 
orems in the geometry of numbers, after which the approx- 
imate solution in integers of a system of linear equations is 
taken up, in particular of the system 2; + a; — + 5; 
= 0 (@=1, 2, ---, n). The results of Kronecker, Hermite 
and Minkowski are compared, and a recent theorem on this 
system by the author is stated. 


_ 3. If E is a homogeneous algebraic equation in z, y, z, w, 
it represents a surface S when the variables are point coordi- 
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nates; if the variables are interpreted arithmetically, E can 
te made to represent a system S’ of theorems concerning 

. When S implies S’ and S’ implies S, Professor 
Bell calls S, S’ arithmetical duals of each other, and ‘determines 
an S’ for Kummer’ s S, such that all the geometrical properties 
of S imply and are implied by systems of arithmetical the- 
orems, which in turn may be interpreted in terms of lattice 
configurations lying upon two concentric spheres in space of 
sixteen dimensions. 


5. Paul Serret* has proved the theorem “the double-ratio 
of the four points in which any generator of a ruled surface 
intersects four fixed asymptotic curves is constant.” Analo- 
gously, any four directrix curves of a ruled surface which 
cut all the generators in four points of constant double-ratio 
may be called a Serret set. Let C,, C., C,, C, be any four 
directrix curves of a ruled surface S, P,, P., P,, P, the points 
where they cut any generator g, and T,, T,, T,, T, the tangents 
to C,, C., C,, C, at these points. T,, T., T, determine a 
quadric K@. Professor Carpenter’s paper proves that 7, 
will lie upon K@ and bea ruling of the same kind as T,, T., T, 
if and only if C,, C., C,, C, constitute a Serret set, and that 
there is a one-parameter family of such quadrics K@ associated 
with each generator g of S. ‘The generator g belongs to one 
regulus of each quadric K@. The paper next considers one of 
the quadrics K@ whose equation is invariant in form. One 
of these quadrics is associated with each generator of S, and 
this family of quadrics gives rise to two congruences A; and A> 
whose properties are investigated. 


6. Professor Cajori gives a biographical sketch of Moritz 
Cantor and an estimate of his work as a historian. 


7. Volterra and others have given implicit definitions for a 
function of a line and its first derivative. Professor Neikirk, 
following the method of one of his previous papers, gives 
explicit definitions of second and higher derivatives. Among 
other results, he gives the following classification of functions 
of a functional variable: (1) The first derivative is a point 
function. The second derivatives are zero or infinite. For 
functions of this class the methods of this paper may be 


*P. Serret, Théorie nouvelle géométrique et mécanique des Lignes & 
Courbure Part, 1300” 
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used to derive the second variation as used in the calculus of 
variations. (2) The first derivative is a function of a func- 
tional variable. The second derivatives are the results of 
repeated operations. (3) The first derivative is a mixed, 
point and functional variable, function. The second deriva- 
tives are the results of the repeated operations except for 
the case F;;, which is infinite. 


8. In Dr. Smail’s first paper, a number of minor gaps in the 
systematic treatment of the theory of summable divergent 
series are filled in, and new proofs of some familiar theorems 
are given. 


9. Dr. Smail’s second paper gives a bibliography of the 
theory of summable series. 


10. In this paper Professor Bell proves eleven geometrical 
theorems concerning point configurations upon a sphere in 
lattice space of four dimensions which imply, and are implied 
by, the theory of the elliptic theta functions. 


11. Extending Liouville’s theorems in the fifth of his 
memoirs on general formulas useful in the theory of numbers, 
Professor Bell shows that similar general formulas exist for a 
pair of bilinear forms each in four variables, and finds a com- 
plete set of 57 such formulas. 


12. Professor Bell shows in this paper by two detailed 
examples how the general formulas of the kind given in the 
preceding paper may be used to derive information concerning 
the number of solutions of certain systems of indeterminate 
equations of any degree. 


13. In this paper Professor Milne shows that corresponding 
to every infinite set of vectors of finite norm in infinitely many 
dimensions there exists an infinite set of constants \; (¢ = 1, 

, **+) with the following properties: The necessary and 
sufficient condition that (a) the system be orthogonal is that 
\,=1 for every i; (6) the system have an adjoint is that \;>0 
for every 1; (c) the system be essentially linearly dependent is 
that 4; = 0 for some 7. Applications are made to infinite 
matrices and to infinite sets of linear equations. 

E. T. Bet, 
Acting Secretary of the Section. 
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NOTE ON A GENERALIZATION OF A THEOREM 
OF BAIRE. 


BY PROFESSOR E. W. CHITTENDEN. 
(Read before the American Mathematical Society September 8, 1920.) 


Ir is the purpose of this note to call attention to the following 
generalization of a celebrated theorem of Baire: 


TureoreM: Let P be a perfect set in a complete, separable, 
metric space S.* Then a necessary and sufficient condition 
that a function defined on P be of class 1 in the Baire classifica- 
tion of functions is that the function be at most point-wise 
discontinuous on every perfect subset of P. 

The necessity of the condition has been established by 
Hausdorff.t 

A satisfactory proof of this theorem can be obtained from 
a proof given by Vallée-Poussinj for the corresponding theorem 
in space of x dimensions by making appropriate changes in 
terminology, since Vallée-Poussin makes no essential use of 
the special properties of space of n dimensions in his argument. 
The methods to be followed in generalizing this proof of Vallée- 
Poussin are sufficiently indicated in the treatise of Hausdorff 
already cited and in the memoirs of Fréchet.§ 

There is, however, one point which requires special con- 
sideration. Vallée-Poussin introduces an auxiliary function 
with the following definition: If Jf is a point of S; H:, He, 

, H, are closed sets such that no two have a common 
element; 61, 52, ---, 5, are the respective distances of Hy, 
---, Hy from M; and a, ae, ---, are constants; then 


*See Hausdorff, Grundziige der Mengenlehre, Veit und Co., La 
315. The word “vollstindig” is here translated ‘ 
mplete set admits a generalization of the theorem of Caer 
in a Fréchet, “Sur uelques points du calcul fonctionnel,”’ 
Rendiconti del Circolo Matem. di Palermo, vol. 22 (1906), pp. 1-74. 
d d’Ensemble, Classes de Baire, 
n les de e, Fonctions d’ 
Gauthier-Villars, Paris, 1916, pp. 105-125. 

§ As an example of the application of the theory of transfinite ordinal 
numbers in the present | situation, see Fréchet, “Les ensembles abstraits 
et le calcul fonctionnel,” Rendiconti del Circolo "Matem. di Palermo, vol. 30 
(1910), pp. 5-10. 
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(My = + + 


except when M is in H;; then o(M) = a; (t = 1, 2,3, ---, n).* 

The function ¢(M) is continuous in space of n dimensions. 
I wish to show that it is continuous in the space S. It is 
sufficient to show that the distance 6 of a point M from a closed 
set H is a continuous function of M, vanishing on H. 

Let (A, B) denote the distance between two points A, B 
of the metric space S. Then we have the following funda- 
mental property of distance: If A, B, C are any three points 


of S, 
(A, B) S (A, C) + (C, B).t 


If H is a closed set the distance (M, X), where X is in H, 
has a minimum 6 at a point Xo. We call 6 = (M, Xo) the 
distance from M to H. Let M’ be any other point of H, and 
5’ = (M’, Xo’) be the corresponding distance from H. Then 


we have 
5 = (M, Xo) S (M, Xo) (M, M) + (M’, Xv’) 
< (M, M’) + 
Similarly, 5’ < 6+ (M,M’). Therefore — 6’| <2(M, M’), 
and the continuity of 6 is established. 


University or Iowa, 
Iowa Crry, Iowa. 
February 28, 1920. 


CERTAIN ITERATIVE CHARACTERISTICS OF 
BILINEAR OPERATIONS. 


BY DR. NORBERT WIENER. 


Introduction. 


In a recent paper{ the author has developed the necessary 
and sufficient condition that a bilinear operation in two vari- 
ables should generate by iteration all rational operations with 

* Vallée-Poussin, loc. cit., p. 118. 

+ Hausdorff, loc. cit., p. 211. See also Fréchet, “Les notions de limite 


et de distance,” Transactions Amer. Math. Society, vol. 19 (1918), p. 54. 
t Annals of Mathematics, vol. 21, No. 3 ( 1920), pp. 157-165. 
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rational coefficients. This is a particular case of the general 
problem of determining just what operations any given bi- 
linear operation will generate by iteration. While the com- 
plete solution of this problem is still to be accomplished, it is 
the purpose of this paper to develop methods of attack 
which will yield, in particular, an important necessary condi- 
tion that each of two operations generate the other by iteration. 


Definitions. 
A bilinear operation is an operation ¢(z, y) of the form 


Ag + Box + Coy + Dery 
Fort Gey t+ 


In this paper the coefficients will be supposed to be rational, 
co will be considered a proper value and argument for a 
bilinear operation, and if ¢(2:, y:) is indeterminate as it 
stands, it shall be given the value lim /(z, y) if this is 
determinate. 

A bilinear operation will be said to be reduced if A,, 
B,+ C4, Dg, Ey, Fg + Gy, and H, form a relatively prime 
set of integers. 


A, is defined as 
A, Bot 
Ey G, | Es Hy 
Ay Do 
E, 
The following definitions are made: 


v) = Ay? + + C,4)uo + 
K,y(u, 0) = Ey? + (Fs + G4)uo + 
Lh = vd 4 = uKy. 


We shall term the roots of L,(u, 1) = 0, ni(¢), r2(¢), r3(¢). 
We shall call a root of L,(u, 1) = 0 free if it is not a simul- 
taneous solution of J,(u, 1) = 0 and of K,(u, 1)=0. If 
A, + 0, and + r2(¢) + r3(¢), + 13(¢), ¢ will be 
said to be general, otherwise special. Clearly if ¢ is general 
1, Te, and fz are all free. 
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An iterative field is a set of functions of n variables which 
is closed with respect to the following operations: 

(1) permutation of any two arguments; 

(2) substitution of two identical arguments for two different 
arguments; 

(3) substitution of a function of the set for any argument. 

Two operations are said to be iteratively equivalent if any 
iterative field containing either contains the other. 

An iterative characteristic of an operation is a property 
which belongs to all operations iteratively equivalent to that 
operation. 

Theorems. 


§ The free roots of L,(u, 1) = 0 constitute iterative char- 


For L,(u, 1) = 0 is equivalent to g(u, u) = u, unless u is a 
simultaneous root of J,(u, 1) = Oand of K,(u,1) = 0. Now, 
¢(u, u) = wis a property of ¢ invariant under iteration. If r 
is a root of L,(u, 1) = 0 that is not free, then in general 
er, r)=r is not significant and determinate. If this latter 
equation is significant, let us subject our number system to a 
linear transformation that changes r to ©. It may readily 
be seen that two operations will retain their iterative relation- 
ships unchanged under such transformations, that roots of 
L,(u, 1) = 0 will remain roots, and that free roots will remain 
free. gy will then become a y of the form A+ Br-+ Cy. 
This operation can only be iteratively equivalent to operations 
of its own sort, for all of which © is a root that is not free. 
pe completes the proof of our theorem. As a corollary we 
obtain 

II. No general bilinear operation is equivalent to any special 
bilinear operation. 

III. If ¢ and y are reduced equivalent general bilinear opera- 
tions, then 

A, = Ay, 


C,—E,=B,+C,— &,, 
F,+G,-D,=F,+ G,— D,, 
H, = Hy. 


Lemma 1. If ¢ is reduced, u and v can be chosen relatively 
prime in such a manner that J4(u, v) is prime to K,(u, »). 
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Proof. Let N be the H.C.F. of Ay, B, + C,, and D,. 
Let M be the product of all prime factors in A, but not in N. 
Let P be the product of all the primes in M, but not in A, 
nor in D,. Let Q be the product of all primes in M and A,, 
but not in D,. Let R be the product of all primes in M and 
D,, but not in Ay. Let S be the product of all primes in N, 
but neither in E, nor in Hy. Let T be the product of all 
primes in N and E£,, but not in H,. Let U be the product 
of all primes in N and H,, but not in E,. Let u = PRSU, 
o= QT. We get as a result that J, is prime to M, while K, 
is prime to N. Now, it may readily be shown that any factor 
common to J, and K, belongs to Ay. Since, however, any 
prime factor of A, belongs either to M or to N, it is either prime 
to J, or to K,.* 

Lemma 2. If aandb are any two numbers not both containing 
are couples of the same sort, 
w 


ad — be=0 (mod p*), af — be=0 (mod p*), 


ef — de = 0 (mod p*). 


This lemma, whose proof is immediate, enables us to classify 
fractions into sets modulo p*. We shall say that 


a/b = c/d (mod p*) 


ad — be = 0 (mod p*) 


while a and 6 do not contain p in common, nor do ¢ and d. 
Lemma 3. If u/v and w/z are in their lowest terms, and 


u/v = w/z (mod p*), 
then if vy is any bilinear operation such that 
u/v) = u/v (mod:p*), 
¢(w/z, w/z) = w/z (mod p*). 
The proof of lemma 3 offers no difficulty. 
Combining lemmas 2 and 3, it is at once clear that the 
equation 
= (mod p*) 
for a given u/» and p* is an iterative characteristic of ¢. 
* Cf. Mathews, Theory of Numbers, vol. 1, p. 132. 


then 


if 


it follows that 
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Weare now in a position to take up the proof of Theorem III. 
Clearly g(u/v, u/x) is equal to J,(u, »)/K,y(u, v). Let u and 
v be two numbers such that J,(u, v) and K,(u, v) are prime 
to one another. By lemma 1, such numbers exist. Then to 


say that 
0)/K,(u, v) = u/v (mod p*) 
is equivalent to saying 
D,(u, ») =0 (mod p*), 


or that p* is a factor of L,(u, v). If ¢ is iteratively equivalent 
to ¥, clearly we must have 


L,(u, ») = 0 (mod p*). 


That is, every prime power that divides L, must also divide 
L,, or in other words, L, is a factor of L, for a particular 
set of values of u and». However, since by Theorem I the 
equations L,(u, 1)=0 and L,(u, 1)=0 have the same 
three distinct roots, L, is a constant multiple of L,. Hence 
L, is always a factor of Ly. Likewise, L, is always a factor 
of L,. Hence, apart from a possible difference of sign, L, 
and L, are identical. This proves Theorem III. 
Massacausetts InsTITUTE oF TECHNOLOGY, 
April 16, 1920. 


NECESSARY AND SUFFICIENT CONDITIONS THAT 
A LINEAR TRANSFORMATION BE 
COMPLETELY CONTINUOUS. 


BY PROFESSOR CHARLES ALBERT FISCHER. 
(Read before the American Mathematical Society December 31, 1919.) 


A LARGE part of the Fredholm theory of integral equations 
has been derived for the equation 
h(x) = f(z) + AT (f), 


where 7(f) is a completely continuous linear transformation.* 
It has also been proved that every linear transformation, that 


* F. Riesz, Acta Mathematica, vol. 41 (1918), pp. 71-98. 
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is, linear functional depending on a parameter, is equal to a 
Stieltjes integral of the form* 


a) 11) = f 


In a former papert I have found a necessary and some suf- 
ficient conditions that a linear transformation be completely 
continuous, and thus proved that this part of the Fredholm 
theory applies to Stieltjes integral equations of certain types. 
In the present paper will be found conditions which are both 
necessary and sufficient. The Volterra theory of Stieltjes 
integral equations has been discussed by Evans in his Cam- 
bridge Colloquium Lectures, 1916. 


§1. Preliminary Theorems. 


A set of functions is said to be compact if every infinite 
sequence of them contains an infinite subsequence which is 
uniformly convergent, and a transformation is completely 
continuous if it changes every bounded set of functions into a 


compact set. 

The class [f(y)] will be composed of all functions defined 
on the interval (a, b) which can be approached by monotone 
sequences, beginning with the class of all continuous functions. 
The definition of the Stieltjes integral has been extended by 
Youngt to apply to such functions. 

The function K(z, y) will be assumed to satisfy the equation 


(2) K(z, y) = K(x, y + 0). 


This will not affect the value of the integral (1), and when 
this equation is satisfied, V,K(z, y), that is, the variation 
of K considered as a function of y, is the least upper bound 
of T(f)/max|f|.§ It follows that if V,K(z, y) is not bounded 
uniformly in z, the transformation (1) cannot be completely 
continuous, because in that case there would be a bounded 
set of f’s for which the set [7(f)] would not be bounded and 
therefore could not be compact. 

ee . Annales Scientifiques de l’ Ecole Normale, ser. 3, vol. 31 (1914), 
"This vol. 25 (1919), p. 447. 

t Young, Proc. London Math. Society, vol. 13 (1914), p. 109, or Daniell, 
Annals of Mathematics, vol. 19 (1918), p. 279. 

§Riesz, loc. cit., Annales; or Fischer, Annals of Mathematics, vol. 19 
(1917), pp. 38-40. 
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It will now be proved that when VK is bounded uniformly, 
every sequence of z’s must contain a subsequence for which 
K(an, y) approaches a uniquely determined function of y 
when n becomes infinite. 

The positive constants €:, €:, --- will be chosen so as to 
approach zero as a limit, and it will be assumed that V,K 
< M. If there were a sequence of z’s no subset of which 
would make the limit of K(z,, y) unique, there would be no 
subset which would make the difference between the largest 
and smallest limit points of K(xp,, y) less than or equal to « 
uniformly in y, or else there would be such a subset which 
will be designated as 2;, 2,™, ---. Then there would be 
no subset of the x®’s which would make the same difference 
less than ¢€2 uniformly, or else there would be such a subse- 
quence, 2;°, 2, ---. It would not be possible to proceed 
in this way and get an infinite number of sequences, 2;°”, 
x“, ---, each a subset of the proceeding, and such that 
the difference between the largest and smallest limit points 
of K(~,“, y) would always be less than ¢;, because if this 
could be done the limit of K(z,™, y) would be unique. Con- 
sequently there would have to be a subset of the original :'s, 
Zi, Z2, ---, and a k > 0, such that no subsequence of the 
2's could make the difference between the largest and smallest 
limit points of K(Z,, y) less than or equal to / uniformly in y. 

When a bounded set of functions is given there is always a 
subset of them that converges at any previously given denum- 
erable set of points.* It follows that there would be a non- 
denumerable set of values of y for which the difference between 
limit points of K(Z,, y) would be greater than /, for a given 
sequence of the Z’s, since if there were only a denumerable 
set of such y’s, the subset of the Z’s which made the above 
limit unique for these y’s would make the difference between 
oy points of K(Z,, y) less than or equal to k for all values 

of y. 

A subset of the 2’s could be taken such that K(Z,, y) would 
converge at a dense set of y’s, and the other #’s dropped. 
Then if y; were a point where two of its limit points differed 
by more than k, there would be two #’s which would make K 
differ by more than k at y;, while they made it differ by an 
arbitrarily small amount at a point arbitrarily near to y:, 
and consequently V,K would be greater than k/2 in the neigh- 


* Riesz, loc. cit., Acta, p. 93. 
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borhood of 7; for at least one of these values of z. To state 
this more definitely, if a sequence 6), 52, --- were given, 
approaching zero, there would be a sequence of Z’s which 
would satisfy the inequalities 
‘tit bs _ 


The other 2’s could then be dropped. Similarly there would 
be a y2 and a subset of the remaining Z’s which would have 
the same property with respect to y2, and the other 2’s could 
again be dropped. Proceeding in this way, the points 41, y2, 
-++, Y¥y (N > 2M/k) and a sequence of #’s would be deter- 
mined which would satisfy the inequalities 


k 
y) (j= 1,2, ---, 


If n were then taken so large that the intervals (y; — 6,, 
yi t+ 6,) did not overlap, the inequalities 


j 
9) = MES y, 

t=1 iyi— 5, 2 
would be satisfied. But this is contrary to the hypothesis 
that < M. 

This completes the proof of the theorem: If VK is bounded 
uniformly in x, when a denumerable set of the x’s is given, there 
must be a subsequence of them which makes K (xn, y) approach a 
unique limit as n becomes infinite. 

It will now be proved that if a set of functions converges, 
the variation of the limiting function cannot be greater than 
the limit of the variations of any sequence of the given 
functions. 

If this were not the case there would be a sequence ¢;(y), 
g2(y), approaching a function g(y), and a k > 0, which 
would satisfy the inequalities 


ey) > +k (n=1, 2, ---). 


Then there would have to be a finite set of points yy = a 

<m<y2< <yy=6, which would satisfy the in- 

equalities 

N-1 k 
2 


(3) — > + 


(n = 1,2, +++). 
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But if n is large enough the inequalities 
k 
| = | < 4N (i = 0, 1, 2, ---, N), 


would be satisfied, and consequently inequality (3) would 
imply that 

— only) | > Ven), 
which is absurd. 


§2. Necessary and Sufficient Conditions. 

The following condition, which will be called condition A, 
will be proved to be necessary. Then a second condition, 
which will be called condition B, will be proved to be suf- 
ficient, and finally the two conditions will be proved to be 
equivalent. 

ConpiTIon A. A necessary and sufficient condition that the 
transformation (1) be completely continuous is that V,K(z, y) 
shall be bounded uniformly, and that when a sequence of x's is 
chosen in such a way that K(x,, y) converges, the equation 


(4) limit V,[K (zn, y) — limit y)] = 0 
shall be satisfied. 


If this condition is not satisfied there must be a sequence 
of z’s for which K(z,, y) converges, and a k>0, which 


satisfy the inequalities 
(5) VK (an, y) — limit K(&n, y)] > k. 


If the functions K(2,, y) — limit K(2p,, y) should also satisfy 


equations such as (2), there would be continuous functions 
fily), fey), not greater than 1 in absolute value, which 
would satisfy the inequalities 


Sm(y)dJ_K (am, y) — limit K(an, y)]>k 
(m = 


Since this is not necessarily the case, it will be proved instead 
that when z,, is given there must be an m’ > m, and a con- 
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tinuous f(y), such that |f,,| <1, and 


f LK Cem, 9) — limit > 


It follows from the last theorem in § 1, that when inequalities 
(5) are satisfied, when m is given there must be an n > m 
which satisfies the inequality 
VK (em, y) — K(@a, y)]> k. 
Consequently there must be an fn(y) which satisfies the 
inequality 
f Sn(y)dy_K (am, y) — K(2n, y)] > k, 

and at least one of the points z», and 2, can be used for tm, in 


inequality (6). 
The equation 


must be satisfied if f(y) is continuous.* Then when fn(y) is 
given there must be a finite N such that 


| f (an, y) — limit y)] 
It will then be possible to select a sequence £1, £, --- from 


the given z’s, and a sequence of continuous f’s, which satisfy 
the inequalities, |f;| < 1, and 


k 
<5 (n 2 N). 


Es, y) — limit y)] | 


1, 2, j=it 1,¢+ 2, see), 
and 


f Sily)d LK (E;, y) — limit K(an, y)] 


Gj= 15.2, see). 


* This follows from the of Bray’s Theorem’3, Annals of Mathe- 
matics, ser. 2, vol. 20, pp. 


| 
| 


16 CONTINUOUS LINEAR TRANSFORMATIONS. = [Oct., 
This implies that either 

k\ _k 

| — fly) Es y) | > 3(§- 


or else 
> 


| f Chily) — fly) limit y) 
In either case there must be some value of z for which 


Ing) — 


G= 1, 2, 2, 


and the transformation cannot be completely continuous. 
Therefore condition A is necessary. 

ConpiTIon B. A necessary and sufficient condition that the 
transformation (1) be completely continuous, is that when an 
€ > 0 is chosen there must be a finite number of points £, £ 
--+, &,, such that to every x in (a, b) there corresponds a £; whicl 
satisfies the inequality 


(7) VLK(z, y) — <e. 
If this condition is satisfied, and a decreasing sequence 
t1, €, -*+ is taken approaching zero, the é’s corresponding to 


all the ¢’s can be arranged in one denumerable sequence. 
Every bounded set of f’s must have a subset such that the 
functions 


will converge at the denumerable set of points £, £, --- 
This subset will now be proved uniformly convergent on the 
whole interval (a, 5). 

If an € > 0 is chosen there must be a finite N such that to 
every x on (a, b) there will correspond a £;, (i < N), which 
satisfies inequality (7). Then if N’ is so large that the in- 
equalities 


|gn(&i) — limit (GSN; nZ=N%, 
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are satisfied, the inequalities 
|gn(2) — gn(€i)| max|f|-V,[K(@, y) — K(&, y)] 


(n= 1, 2, soe), 
and inequality (7) will imply that 


|gn(z) — gntm(x)! 2[max|f| + 1]e 
(n = N’; m= 1, 2, -++). 


Consequently these g’s must be uniformly convergent, and 
the transformation must be completely continuous. 

If condition B is not satisfied there must be an e > 0 and 
an infinite sequence of z’s such that 


(am, y) K(an, € (m of n). 


It follows from the principal theorem of the first section, 
that if V,K is bounded uniformly, a subset of these z’s must 
make K(z,, y) convergent. As no subset of them can satisfy 
equation (4), condition A cannot be satisfied. Therefore 
when A is satisfied B must be, and since A is necessary and B 
sufficient, B must be necessary and A sufficient also. 
Trinity CoLLEGE 
RD, CONN. 


ON THE RELATION OF THE ROOTS AND POLES 
OF A RATIONAL FUNCTION TO THE 
ROOTS OF ITS DERIVATIVE. 


BY MR. BEN-ZION LINFIELD. 


(Read before the American Mathematical Society December 30, 1919.) 


1. F. Lucas, Journal de I’Ecéle polytechnique, 1879, gave a 
mechanical proof of the following theorem: 

The roots of the derivative of a cubic are the foci of the maxmum 
~~ inscribed in the triangle whose vertices are the roots of the 
cubic 

Professor Maxime Bécher gave a simple proof of this 
theorem, Annals of Mathematics, volume 7, page 70, 1892. 
Here he made observations on the general theorem conce 
the polynomial of nth degree and asked the question, “Could 
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not the first of these propositions be brought into connection 
with the focal properties of the higher plane curves?” Other 
demonstrations of Lucas’s theorem have been given, but the 
writer is not aware of Professor Bécher’s question having 
been answered. It is the object of this note to answer this 
question by the following: 

2. THeorEM. The roots of the derivative of the rational 
function 


fe) = 29" 


are the multiple roots of f(z) to one lower order and the foci of 
a curve of class n — 1 which touches each segment zz; (t + 3, 
= 1, 2, ---, m) at a point dividing it in the ratio of yp; to p;. 
3. Let 

(¢=1,2,---,n) 
be the line equation of the point P; = (2;, yi), where 2; = 2; 
+ y;V¥—1 are the roots and poles of the rational function 
f(). Then, 
(1) Il = = 


is the line equation of the n points 2;, y;. 
(2) w) = = 0 


is the tangential (line) equation of a curve of class n — 1 
tangent to the segments P;P;. 

The point of contact of an arbitrary tangent to (2) whose 
coordinates are u, v, w, is given by equations 


de” de 
Ou dv dw 


de 
dg _ 


dp eI 
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Therefore the coordinates of the point of contact of the 
tangent (u, v, w) with (2) are 
t+ /dada; ’ 
+ ws) /dada; 


Let the tangent (uw, », w) coincide with the tangent through 
the two points P, and P,. Then 


é 
0 (when i+p,j +9), 


since a, = 0, a, = 0 and a, or a, occurs in each of these 
second derivatives except 07II/da,0a,. Hence the coordinates 
of the point of contact of (2) with P,P, are 


x= BeXp + + 
Mat ’ Mat Mp 
dividing the segment P,P, in the ratio wp : pg. 
4. The foci of the curve g(u, v7, w) = 0 are the roots of 


the polynomial g(— 1, — ¥— 1, z)* wherez = x+ yV— 1. 
Thus in (2) 


a; =2— %, [I @— 2). 


Also 
II (z — 
But the derivative of f(z) can be written 
Il @ - 2) 


which establishes the theorem, § 2, as enunciated. 
5. The present note is an abstract presenting the central 
theorem of a paper wherein the general curve ¢ = 0 of class 


* Salmon, Higher Plane Curves, 3d ed., § 141; also Emch, this BuLLE- 
TIN, vol. 25, pp. 157-161. 
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n— 1 is discussed and methods evolved for drawing it. 
We go no further here than to notice the interesting case 
when n = 3, of which the theorem of Lucas is a particular 


case. 
6. When n = 3 the roots of the derivative of 


f@) = 2 
are the roots of [T(z — z;)“* and the foci of 


= + + = 0. 
The curve is clearly of the second class and therefore a conic. 
The center z, is given by 


2:) 


or 


+ + (us + + (ur + 
2(u1 + we + ws) 


When the powers (u) are positive the conic g = 0 touches 
the sides of the triangle 2, z2, 23 internally, and is therefore 
an ellipse inscribed in the triangle; the point of contact divides 
each side in the ratio of the powers of the vertices. If 
1 = we = ws = 1, f(z) becomes a cubic and the conic touches 
the sides of the triangle at their midpoints, which is Lucas’s 
case. 

When each power is not positive, it is only necessary to 
consider one as being negative, for changing the signs of all 
the powers does not effect ¢ = 0. 

If ui + we + us = 0, the conic is a parabola, the center 
being at infinity. It follows from a well-known theorem, 
the focus of a parabola touching the three sides of a triangle 

- lies on the circumcircie of the triangle, that in this case the 
wi of the derivative of f(z) lie on a circle through the roots 
of f(z). 

conic is clearly an ellipse or hyperbola according as it 
passes through a point between or not between two parallel 
tangents, respectively. 

The tangents parallel to the sides of the triangle are easily 

found, since the center is known and the point of touch on a 
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side. Let the side 2:22 be the z-axis. ie iain itn 
tangent parallel to this axis is 


wit + 


with similar equations of the tangents parallel to the other 
two sides. Let us be negative. The points of contact with 
the sides 2:z3; and 2223 lie between the z-axis and the parallel 
tangent or outside them according as 


Bit wet ws > 50, 
and the conic is accordingly an ellipse or hyperbola. 

Hence if all the powers be positive g = 0 is an ellipse. If 
one of the powers be negative it is an ellipse, parabola or 
hyperbola according as their sum is less than, equal to or 
greater than zero. If two of the powers be negative it is an 
ellipse, parabola or hyperbola according as their sum is 
greater than, equal to or less than zero. ih rape 
#1 + ws = 0 the side 2:23 is an asymptote. If M1 = fe = — 
the sides 2,23 and 223 are asymptotes. If in addition the 
triangle zz2z3 is isosceles having its vertex at zs, the circle having 
23 for its center and passing through z, and z2 passes through 
the foci of g = 0, for the altitude and half base of this triangle 
are the major and minor axes respectively. 


INIVERSITY OF VIRGINIA, 
May 1, 1919. 


MORITZ CANTOR, THE HISTORIAN OF 
MATHEMATICS. 


BY PROFESSOR FLORIAN CAJORI. 


(Read before the San Francisco Section of the American Mathematical 
Society June 17, 1920.) 


Proressor Moritz Cantor died at Heidelberg on April 10, 
1920, in his ninety-first year, three days after the death of 
his only son. Considering his own long career and that of 
many other mathematicians, he could well remark on his 
eightieth birthday, “Die Mathematik gehért nicht gerade zu 
den ungesunden Handwerken.”* His literary activity ex- 


* Felix Miiller, Der Mathematische Sternenhimmel des Jahres 1811, 
Leipzig und Berlin, 1911, p. 7. 


22 MORITZ CANTOR. [Oct., 


tended over a very long period, from 1851 to 1908. He has 
been known for many years as the leading writer of his time 
on the general history of mathematics. In the nineteenth 
century, his Vorlesungen iiber Geschichte der Mathematik 
came to be regarded as the fullest and the most reliable general 
source of historical information on our science. Before his 
time the outstanding historian of mathematics had been the 
Frenchman, J. E. Montucla, whose history appeared in 1758 
in two volumes, and in 1799-1802 in four volumes (completed 
with the cooperation of the astronomer J. J. Lalande). Moritz 
Cantor is the Montucla of the nineteenth century. 

Cantor was born in Mannheim on August 23, 1829. In 
1848 he attended the University of Heidelberg and later 
studied at Géttingen under K. F. Gauss and W. Weber.* 
In the fall of 1851 he took his doctorate at Heidelberg, pre- 
senting a thesis “Ueber ein wenig getrauchtes Koordinaten- 
system,” which as yet disclosed no interest in that field of 
research which later he cultivated so assiduously. Curtze 
adds: “Before he came to devote himself wholly to an aca- 
demic career—a state’s examination he never took—he went 
to Berlin for study, where he attended especially the lectures 
of Lejeune-Dirichlet.” We have seen nothing to indicate 
that Cantor had been in contact with, or had been influenced 
by, the Heidelberg privat-docent and Lyceum professor, 
Arthur Arneth, the author of the Geschichte der reinen 
Mathematik, Stuttgart, 1852. Of three or more articles 
which Cantor prepared in the next few years, only one short 
paper of a dozen pages is historical, viz., “Ueber die Ein- 
fiihrung unserer Ziffern,” 1856, published in the Zeitschrift 
fiir Mathematik und Physik. What was the circumstance 
that induced him to choose the history of mathematics as 
his life work? The present writer visited him on May 2, 
1915, and, in the course of conversation, asked him this very 
question. He replied that he prepared a paper on Ramus, 
Stifel and Cardan,t which he read at a scientific meeting at 


* For facts of his life we depend upon an article by Maximilian 
in Bibliotheca Mathematica, ser. 3, vol. 1, 227- 


The “Petrus Ramus, Michael Stifel, Hiero us 
drei mathematische Charakte: er aus dem 16. 
fiir Mathematik und Physik, vol. 2, 1857, pp. 353-367 
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Bonn and which was so well received that he felt encouraged 
to continue in historical work. Thus, a little praise proved 
in his case a deciding factor. Perhaps this experience led 
him Jater in life to deal leniently with the shortcomings of 
young writers and to show generous appreciation of any merit 
he was able to discover. Soon after, Cantor went to Paris 
and there met Michel Chasles and Joseph Bertrand. Chasles 
had published in 1837 his Apercu Historique and enjoyed 
wide celebrity as the historian of geometry. He paid much 
attention to the young.German and secured the publication 
in the Comptes Rendus of a historical note prepared by the 
latter. Cantor prided himself on the command that he 
acquired of the French language. He told the writer that 
after delivering an address in French at the Mathematical 
Congress of 1900 in Paris, two Frenchmen came up and asked 
him to decide a bet: One Frenchman arguing that no foreigner 
could learn to speak French so well; the other claiming that 
Cantor was a German living in Germany. 

It was in 1863 that Cantor’s first important historical 
book appeared, his Mathematische Beitrage zum Kulturleben 
der Vélker, which attracted wide attention, and was beth 
praised and criticized. It championed an oft-repeated but 
seldom realized ideal in the writing of the history of our 
science, namely, the exhibition of the place of mathematics 
in the cultural life of a people and in the intercourse between 
nations. In this book, and in the first, and part of the second, 
volumes of the Vorlesungen, Cantor kept this goal in view. 
In the discussion of arithmetic and the history of our numerals, 
as given in his Beitrige, Cantor was influenced not only 
by the French writers M. Chasles, A. J. H. Vincent, and 
Henri Martin, but also by the early papers of the German G. 
Friedlein. Later Cantor was in frequent correspondence with 
the great French historian, Paul Tannery. 

In 1864 Maximilian Curtze of the gymnasium of Thorn 
sought the assistance of Cantor in the interpretation of pass- 
ages in a medieval manuscript. Thus began a friendship 
which continued unbroken until the death of Curtze in 
1903. 

Having been privat-docent at Heidelberg since 1853, 
Cantor advanced in 1863 to the position of professor extra- 
ordinary of mathematics. Probably about this time he began 
to give lectures on the history of mathematics. These lecture 
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courses extended sometimes over a period of three semesters.* 
According to Curtze, among those attending Cantor’s lec- 
tures was Siegmund Giinther, who is well-known as a his- 
torian of science.f 

For the next ten or twelve years Cantor’s publications 
were mainly historical. We make special mention of his 
Euklid und sein Jahrhundert (1867) and his Die Rémischen 
Agrimensoren (1875). These served as preliminary re- 
searches for his great work, the Vorlesungen iiber Geschichte 
der Mathematik, the first volume of which appeared in 1880 
when he was over fifty years of age. His previous studies, 
extending over a period of a quarter of a century, had been 
preparatory for this standard work. In entering upon this 
gigantic task he showed a predilection far remote from that 
of Paul Tannery. Cantor was writing a general history, 
while Tannery preferred to exercise his genius in elucidating 
special fields and special periods. A second edition of this 
first volume appeared in 1894, a third in 1907. Twelve vears 
elapsed between the first and second volumes of the Vor- 
lesungen. This second volume (1892) carried the history 
from the year 1200 to the year 1668, when Leibniz and Newton 
were just entering upon their great careers of discovery. A 
second edition of the second volume appeared in 1899. Dur- 
ing the years 1894-1898 were published successive parts of 
the third volume which carries the history down to 1758, 
the time of the rise of Lagrange in the mathematical firma- 
ment. A second edition was brought out in 1901. These 
three great volumes enjoyed an enthusiastic reception. In 
1898 Professor George A. Gibson of Glasgow only moderately 
expressed the feeling of his time when he said:{ “That the 
labour involved in collecting material and in reducing it to 
shape would be great, Mr. Cantor doubtless knew well; 
but in all probability his most liberal estimate of the demands 
likely to be made upon his energies has been far exceeded; 
in any case, one can readily understand the feelings of satis- 
faction with which he writes the preface to the concluding 
volume. It hardly requires to be stated that this history is 
certain to remain for many years the standard work on the 

* Zeitschrift fiir Mathematischen und Naturwissenschaftlichen i 

(Schotten), Leipzig und Berlin 526. 
caecum Mathematica, ser. 3, vol. 1, p. 229. 
Proceedings of the Edinburgh Mathematical Society, vol. 17, 1898, p. 9. 
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subject with which it deals; in completeness, in accuracy, 
in clearness of arrangement, it stands unrivalled, and for the 
period which it covers is bound to be a permanent work of 
reference.” 

A great historian must be a judge and not an advocate. 
In this respect Cantor can be assigned a high place. In 
very few instances, if any, does national bias disclose itself. 
In this regard it would be difficult to name a historian of 
science who ranks above him. 

At the time of the completion of the third volume, Cantor 
was sixty-nine years old. He knew that he was not equal 
to the task of preparing a fourth volume. On the other 
hand, the publishers and the mathematical public desired a 
continuation of the history. Finally, in 1904, at the Congress 
in Heidelberg, the plan was matured of bringing out a fourth 
volume on the cooperative plan. Nine men of different 
countries (V. Bobynin, A. v. Braunmiihl, F. Cajori, S. Giinther, 
V. Kommerell, G. Loria, E. Netto, G. Vivanti, C. R. Wallner) 
were selected to write certain parts under the direction of 
Cantor as editor-in-chief. Each collaborator was made 
responsible for his part. As far as possible each man was 
expected to follow the mode of presentation adopted in the 
previous volumes. The men were cautioned not to permit 
themselves to be dominated by preconceived ideas relating 
to the subjects or men treated in the history.* The fourth 
volume carried the history to 1799, the year of Gauss’ doctor- 
dissertation. 

It is the fate of a scientific man to be succeeded by others 
who carry his researches to a higher degree of perfection. 
Fraunhofer mapped the solar spectrum. His work was 
improved by E. Bequerel in France and J. W. Draper in 
America, both of whom used photography. Still greater 
perfection was introduced subsequently by A. Angstrém, 
H. Rowland, and others. Moritz Cantor had a similar 
experience. The twentieth century set new standards. High 
as his Vorlesungen towered above other general histories of 
mathematics (such as those of J. E. Montucla, C. Bossut 
(1802), A. G. Kastner (1796-1800), J. H. M. Poppe (1828), 
A. Arneth (1852), F. Hoefer (1874), M. Marie (1883-1888)), 
it came to be criticized with great severity for lack of accuracy 


*For further details see Jahresbericht der deutschen Mathematiker- 
Vereinigung, vol. 13 (1904), pp. 475-478. 
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in minute details. It became evident that the erection of a 
great and faultless architectural structure must be preceded 
by the painstaking labors of the quarryman. Gustav En- 
estrém, the editor of the Bibliotheca Mathematica, devoted 
much of his time for fifteen years to recording corrections to 
the first three volumes of Cantor’s Vorlesungen. The Her- 
culean efforts of Cantor and the extremely penetrating 
criticisms of Enestrém clearly point out two lessons to scholars 
of today: (1) The need of a more accurate general history of 
mathematics, prepared on the scale of that of Cantor’s 
Vorlesungen and embracing the historical researches of the 
last twenty years; (2) the impossibility of this task for any 
one man. A history of the desired size and accuracy can be 
secured only by the cooperative effort of many specialists. 
The mode of preparation of Cantor’s fourth volume points 
the direction to future success. 

The prodigious literary activity of Moritz Cantor can be 
seen also on examination of the volumes of the Zeitschrift 
fiir Mathematik und Physik for the years 1856-1898, and 
the volumes of Allgemeine Deutsche Biographie. The mere 
enumeration of the titles of his book reviews and of his articles 
fills twenty-six pages.* 

As previously stated, the present writer on May 2, 1915, 
visited Cantor at Heidelberg, who was then in his eighty- 
sixth year. Almost complete blindness had compelled him 
to stop research. He said he could see the general outline 
of a person’s body, but could not make out the features. 
He could move about in his house without assistance. His 
hearing was still good and his mind fairly clear. Neither of 
us touched upon war issues, except that he once referred to 
me as coming from a nominally neutral country. Later in 
the day I met his son and daughter, who were free in ex- 
pressing to me the hope that the United States would soon 
come to observe real neutrality. Cantor made inquiries 
about certain American and English mathematicians and 
spoke of special historical researches then in progress in 
Germany. It was at his suggestion, he said, that B. Bopp 
undertook the study of Gregory St. Vincent. (3% 


Bee M. Curtze “Verzeichnis der mathematischen Werke, 
lungen und Recensionen des Hofrat Professor Dr. Moritz Cantor,” in 
Abhandlungen zur Geschichte der Mathematik, Neuntes Heft, Leipzig, 
1899, pp. 625-650. 
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He spoke of Siegmund Giinther as one of his pupils and of 
the late A. v. Braunmiihl as an indirect pupil. The former, 
he said, had offered himself for service in the war, but was 
too old to fight. Cantor spoke in high praise of Hermann 
Hankel, and declared that his early death had been a great 
Joss to mathematics; would that he had lived long enough 
to have completed his history of mathematics! Hankel, he 
said, was excellent not only in subject matter but also in the 
style of presentation. He spoke of his own labors as those of a 
hewer of timber who with a big axe and with powerful strokes 
roughly cut the timber to proper form and dimension, but 
left it for those who follow him to dress, polish and finish. 
When mention was made of Zeno’s arguments on motion, 
Cantor referred to Paul Tannery’s brilliant discussion of that 
subject. He spoke of Caspar Wessel’s noted paper on imag- 
inaries as having been completely neglected for about a cen- 
tury, notwithstanding the fact that Wessel’s name as well as 
the title of his paper were given in so prominent a publication 
as Poggendorff’s Handwérterbuch; H. G. Zeuthen discovered 
Wessel by accident. Cantor was much surprised that the 
name Oughtred was pronounced in England “ootred,” and 
said he could not recall for the moment another English 
word in which “ough” was pronounced “oo.” He referred 
to the mathematical precocity of his young grandson who 
spoke of the cellar as “minus 1. Stock.” He said that in 
1900 he discontinued the Abhandlungen zur Geschichte der 
Mathematik as a department of the Zeitschrift fiir Mathe- 
matik und Physik; nevertheless, only recently, a Vienna 
scientist had sent him a book for review therein. 

He remembered Simon Newcomb at a Congress in Paris 
delivering an address in the French language when all Germans 
would have preferred to hear him speak English. At the 
Congress in Rome an Englishman arose, he said, to thank 
the King and the Italian mathematicians for the royal re- 
ception accorded to members of the Congress. The one who 
made reply for the Italian government declared his great 
admiration for the language of William Shakespeare, yet had 
to confess that his insufficient command of that language 
prevented him from following the Englishman’s speech. A 
friend nudged the Italian speaker and called his attention 
to the fact that the Englishman’s speech had been delivered 
in the Italian language. In speaking of Georg Cantor, who 


28 SHORTER NOTICES. [Oct., 


had shortly before celebrated his seventieth birthday, he said 
that Georg Cantor’s ancestors, as well as his own, came 
originally from Denmark, that, although he thought he and 
Georg Cantor were distantly related, the latter did not agree 
with him. After a dinner which was served in the garden in 
the open, the writer, having been told that it was Cantor’s 
habit to lie down after the mid-day meal, departed. 
UnIversiTy OF CALIFORNIA. 
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Les Spectres numériques. By Micnet Perrovircn, with a 
preface by Emite Borex. Paris, Gauthier-Villars, 1919. 
Tue “spectral method” of Professor Petrovitch will be 

understood through an example taken from the last chapter 

of his monograph. 
Let it be required to determine the coefficients in the 
development of (1 + z)*. We have 


(1.01)® = 1.061520150601, 


and the binomial coefficients sought appear in the decimal 
above, some of the coefficients being separated by zeros. 

It is clear that a similar method can be used to determine 
any finite set of positive integers, if the integers are the 
coefficients in the development of a known rational integral 
function, and that generalizations to infinite sequences of 
integers are possible. 

Professor Petrovitch calls the decimal above a “spectrum” 
of the function (1 + z)*, comparing the binomial coefficients to 
the colored portions of the spectrum, and the zeros to the 
dark portions. The book, up to the last chapter, is given up 
to a discussion of methods for associating “spectra” with 
different classes of functions. 

In spite of the amiable preface of Borel, nothing will be 
found in the work to make one feel that the author has a 
point of view which is likely to lead to fruitful developments. 
Professor Petrovitch has certain speculations, but they are 
not of enough merit to warrant this address to the mathe- 
matical public. 
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Throughout the book are scattered references to results of 
contemporary analysts, and these contribute a certain amount 
of animation to the text, although the theorems quoted lead 
only to trivial conclusions in regard to the matter in hand. 
The style of the book is sufficiently elegant, and would be 
worthy of a more valuable scientific “ea ast 


La Part des Croyants dans les Progrés de la Science au XIX* 
Siécle. By Antonin Eymiev. Premiére partie: Dans les 
sciences exactes. Troisiéme édition. Paris, Perrin et Cie., 
1920. ii+ 272 pp. Price 5 francs. 

Tuis little volume of entertaining but not particularly 
scientific summer reading is of interest to the mathematician 
chiefly because of the biographical material contained in the 
first chapter. It had its inception in connection with an 
anecdote which is often told of a verbal encounter in the 
Chamber of Deputies some thirty years ago. M. Charles 
Dupuy, speaking as rapporteur de 1|’Instruction publique, 
had spoken of the fata] anemia of the facultés catholiques 
which, when they entered upon scientific studies, reached at 
last a stage where their faith called out, “Tu n’iras pas plus 
loin.” The remark, so the official journal of the day records, 
was hailed with cries of approval from the Right, at which 
manifestation an opponent exclaimed, “As if there had never 
been any Christian scholars!” To this M. Dupuy replied, 
— laughter, that it would be an interesting thing to see the 


What M. Eymieu proposed for himself some five years ago, 
when the first edition appeared, was to meet the challenge 
and to show that it was those of religious faith who made the 
greatest contributions to the exact sciences in the nineteenth 
century. He admits, however, that it is an impossibility 
to prepare a complete catalogue of scientists and of their 
religious beliefs, and so he sets about to furnish a brief list, 
limited to the greatest contributors to mathematics, astronomy 
physics, and chemistry. 

In mathematics M. Eymieu has selected the names of 
Gauss, Cauchy, Poincaré, Lagrange, Abel, Galois, Riemann, 
Weierstrass, and Hermite as representing the great research 
scholars—“les grand initiateurs,’ of whom, as he says, 
“de l’aveu de tous les bons juges, trois . . . dominent son 
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histoire,” namely, Gauss, Cauchy, and Poincaré. It is of 
interest to observe that two out of these three who are said 
to have dominated the mathematical history of the century 
are French. Of the nine great leaders, four are also of the 
author’s nationality, or five if we count Lagrange, who spent 
the latter part of his life in Paris and who was of French 
extraction; three are German, and one is a Norwegian. Out 
of the nine, the author proves to his satisfaction that five and 
probably six were religious men, that two (Lagrange and 
Galois) had no interest in religion, and that there remains a 
doubt as to the position of Poincaré. The two leading mathe- 
matical astronomers he takes to have been French, namely, 
Laplace anc Leverrier, and each he claims to have been pos- 
sessed of undoubted religious faith. 

What is chiefly interesting in the work is that which the 
French call the “causerie” in which the author indulges. It is 
his gossip, his anecdotes about men, and his happy method 
of quoting interesting passages from speakers like Poincaré, 
Arago, and Bertrand that make the book readable. Such a 
human touch is seen in his quotation from that troublesome 
young Bolshevik, Galois, who was too advanced even for a 
France that claimed to stand for the most progressive thought 
of a century ago. The incident is well known, but is always 
interesting when one considers the sudden closing up of a 
life that was mentally brilliant and physically and morally a 
failure. The night before the duel in which he met his death 
he wrote to his republican patriots: “Je meurs victime d’une 
infame coquette et de deux dupes de cette coquette. C’est 
dans un misérable cancan que s’eteint ma vie. . . . Adieu, 
j’avais bien de la vie pour le bien public.” 

M. Eymieu has been more successful in his selection of the 
nine great leaders, however open to criticism this may be, 
than in his choice of other great mathematicians who were 
distinctly religious in their faith. It is with some surprise 
that, among these “grands mathématiciens qui furent aussi 
de grands croyants,” one finds that Boncompagni’s name 
“leads all the rest.” Boncompagni was a great man, and a 
great historian of mathematics, but he was not a great mathe- 
matician. The second name in the minor list is that of Joseph 
Bayma “que les journaux américains, en annongant sa mort, 
proclamaient ‘le géant des mathématiques,’”—after which 
statement it is quite unnecessary, at least for purposes of 
review, to examine the list any further. 


| 
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The fact is that M. Eymieu has done his cause no good in 
the eyes of a scientific reader. His selections of men have not, 
in general, been made with care; indeed, they have not been 
made with ordinary knowledge. He has not scientifically 
gone to work to secure his information, as witness his uncertain 
results concerning the faith of Simon Newcomb. He has 
simply set about to support the belief of the uneducated or the 
half educated man of his own religious faith. It cannot be 
expected that he should have done for the dead what Professor 
Leuba did with respect to the religious beliefs of living sci- 
entists, but no one who has worked in the history of mathe- 
matics can fail to see that a much stronger case could have 
been made, and legitimately made, if the author had studied 
the problem with greater care. 

It is evident to everyone that the most difficult thing to 
weigh in a scientific balance is the religious belief of mankind. 
The reasons are equally evident. One thing is clear, how- 
ever,—that the study of the exact sciences no more tends to 
lessen this religious faith than the study of commerce, of 
civics, of sociology, or even of theology. The history of the 
exact sciences offers abundant illustrations of this fact, and 
evidence of a more convincing kind than that which M. 
Eymieu has adduced. Indeed, it would be a strange and 
inexplicable thing if scientific investigation should fail to show 
that mathematics, that btanch of knowledge which is con- 
tinually in touch with the infinite and is continually revealing 
the mysteries of the eternal, should fail to foster religious 
faith to an extent not reached by the other subjects of human 
study. Davin EvGENeE 


The Early Mathematical Manuscripts of Leibniz. By J. M. 
Cup. Chicago, 1920. iv + 238 pp. 


Txis important work consists of translations of various 
Latin manuscripts of Leibniz found by Dr. C. I. Gerhardt 
in the Royal Library of Hanover about seventy-five years ago. 
These manuscripts were published by Dr. Gerhardt as parts 
of three works which he wrote on the origin of the differential 
and integral calculus,* and have long been known in their 

Hanover, 18 Differentialis, a G. G. Leibnizio conscripta, 

ie Entdeckung der Differentialrechnung durch Leibniz, Halle, 1848. 
Die Geschichte der béhe Analysis; i : Di 
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Latin form to scholars who cared to consult these sources. 
There is no denying the fact, however, that the present gener- 
ation of students in this country has not been trained to look 
upon Latin as a medium of intellectual exchange, and even 
in England it is undoubtedly true that the language has lost 
enough of its former prestige to make a translation of such 
material as the early manuscripts of Leibniz a great con- 
venience to anyone who is interested in the subjects treated. 
For this reason there can be no question as to the value of 
this work and as to the renewed interest which it will awaken 
in the problem of the actual contribution of Leibniz to the 
revealing of the laws of the calculus and to the invention of a 
convenient symbolism. 

The first document translated is the Historia et Origo, 
which Gerhardt published in 1846. This article is written 
in the third person, in the style which American readers have 
recently seen in the autobiography of Henry Adams, and was 
probably intended for anonymous publication. The story 
is here told, in popular fashion, of the steps which led Leibniz 
to his discovery. His disturbance over the publication of the 
Commercium Epistolicum in 1712, a publication which every- 
one who has examined it must admit is not a judicial docu- 
ment, seemed to him to require an answer. For this reason 
he proceeded to relate the incidents of his early publication, 
at the age of twenty, of the De Arte Combinatoris. (1666); 
of his interest at the same time in general questions of analysis, 
including the theory of finite differences; of his visit to 
London at the age of twenty-six; of his acquaintance with 
Huyghens; and of the gradual development of his ideas of the 
calculus. He summarizes his case against the British school 
in the following words: 

“Since therefore his opponents, neither from the Com- 
mercium Epistolicum that they have published, nor from any 
other source, brought forward the slightest bit of evidence 
whereby it might be established that his rival used the differ- 
ential calculus before it was published by our friend;* there- 
fore all accusations that were brought against him by these 
persons may be treated with contempt as beside the question.” 

The second body of translated material consists of several 
manuscripts of the period 1673-1680. These relate to various 
topics bearing upon the calculus. For example, on November 


* That is, by Leibniz himself. 
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1, 1675. he treats of moments about axes, giving none of the new 
symbols, omn. being still used instead of f. Ten days later 
(November 11), the symbol / is used, z/d and dz are stated 
to be interchangeable, differentials of the second order are 
rejected, the problem is solved of finding a curve such that 
the rectangle contained by the subnormal and ordinate is 
constant, and Barrow’s form of the differential triangle is used. 
Ten days later still, November 21, he speaks of a new kind 
of trigonometry of indivisibles, in which reference the editor 
finds the influence of both Pascal and Barrow. In June, 1676, 
he writes that “the true general method of tangents is by 
means of differences.” In the following month (July, 1676) 
he writes, partly in Latin and partly in French, on the inverse 
method of tangents, and in November of the same year he 
sets forth a number of the basic laws for differentiation and 
integratiou. In July, 1677, however, he shows no evidence 
of ability to differentiate logarithmic, exponential, or trigono- 
metric functions, but by 1680 he seems to have been in pos- 
session of the general theory which he published in the Acta 
Eruditorum in 1684. 

This brief summary will serve to give some idea of the 
material awaiting the further study of scholars;—further 
study, because the world will not be inclined to accept as satis- 
factory the study given by either Dr. Gerhardt or Mr. Child. 
Dr. Gerhardt was a careful student, but he is shown by Mr. 
Child not to have been altogether judicial in his statements. 
As to the editor of the present work, two questions will occur 
to any reader who carefully examines his contribution. In the 
first place, has he approached the subject with the unpreju- 
diced mind of a searcher after truth? Mr. Child has himself 
answered this question (page 229): 

“T therefore set out with the determination to break down, 
if possible, the credibility of Leibniz as a witness in his own 
defense, when it came to unimportant details; then to show 
.that he had opportunities for obtaining everything necessary 
to the development of the calculus, that he could not be ex- 
pected to supply for himself by original work, without having 
need to know anything of the work of Newton; then to show 
that these sources of information were set out in a form far 
more suitable to the requirements of Leibniz than the work 
of Newton; finally, to clinch the matter, that the analogy of 
Leibniz’s work was so close to these sources, that it was idle 
to suppose that he made use of any other sources.” 
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It is impossible to read this confession of prejudice without 
being conscious of a slight feeling of, or akin to, that of amuse- 
ment in Mr. Child’s strictures upon Gerhardt: 

“Never surely did any man have such a glorious oppor- 
tunity as Gerhardt, in the whole history of scientific contro- 
versies; surely there never was an advocate who left himself 
so open to the attacks of the opponents.” 

It is to be regretted that Mr. Child repeats so often his 
ideas of the dependence of Leibniz upon Barrow. This 
repetition is partly due no doubt to the fact that the book 
is made up of essays that appeared from time to time in 
The Monist, little effort having been made to unify the presen- 
tation of the matter when combined in book form. It is also 
to be regretted that a more restrained style was not possible, 
since such a style would have carried much greater conviction 
than the one adopted. Probably the best approach to a 
perfect description of the working of a human mind in the 
reaching of a mathematical discovery is that given by Lord 
Moulton in his address at the Napier celebration at Edin- 
burgh in 1914. There the trained intellect of a mathe- 
matician and an eminent jurist concentrated on giving a 
clear analysis of the development of a great idea, and the 
result of the analysis was a masterpiece,—delightful in style, 
free from any apparent bias, and convincing in its conclusions. 

It is too much to expect, however, that we can all be Lord 
Moultons. Perhaps it is more human to find ourselves 
influenced by Carlyle as we see him in his thoroughly biased 
essay on Cromwell]. But the reader will soon find that with 
all of Mr. Child’s evident scholarship and painstaking re- 
search, and in spite of all our indebtedness to him for his 
excellent translation and the information which he often gives 
us, in the matter of style he is not particularly fortunate. 
Illustrations like the following will tend to convince the 
reader, however generous may be his inclinations, that the 
work was not carefully revised before publication: 

“Does not this silence on the part of Tschirnhaus, the 
personal friend of Leibniz, rather tend to make Leibniz’s plea, 
that his opponents had had the shrewdness to wait till Tschirn- 
haus, among others, was dead, recoil on his own head, in that 
he has done the very same thing?” (Page 29.) 

“The work of Descartes, looked at at about the same 
time as Clavius, that is, while he was still a youth, ‘seemed 
to be more intricate.’” (Page 37.) 
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“This, without either proof or figure, is a hopeless muddle. 
. . . Goodness knows what the use of it was supposed to be 
in this form!” (Page 61.) 

“Neither Gerhardt nor Weissenborn tried to get to the 
bottom of these manuscripts, being content with simply 
‘skimming the cream.’” (Page 74.) 

“Thus what is generally considered to be a muddle turns 
out to be quite correct. The muddle is not with Leibniz, it 
is with the transcriber.” (Page 81.) 

“This is of course nonsense.” (Page 97.) 

“T cannot get out of my head the suggestion that... .” 
(Page 110.) 

“Ts Leibniz trying to draw a red herring across the trail, 
the real trail that leads to Barrow’s a and e?” (Page 128.) 

Unfortunately, there are a large number of similar instances 
that will strike the reader’s attention as he studies the pages 
of the book. 

It is a rather low type of criticism that looks only for the 
misprints and inconsequential slips of the pen in the work 
of an author. When Mr. Childs remarks that “there is of 
course the usual misprint (in Gerhardt’s work) that one is 
becoming accustomed to,” he tempts the reader, however, to 
recall various instances of a similar kind in the work under 
review. Without wishing to call attention to these mis- 
prints in detail, the point may be illustrated by the cases of 
15 for 16 (page 31), the period for a comma on page 74 (line 5), 
the absence of an interrogation point after the question in the 
note on page 101, and the date 1874 for 1674 as that of the 
second edition of Barrow (page 13). 

That the book is a valuable contribution to the history of 
mathematics, however, is evident to anyone who gives its 
pages even a casual reading. 

Davi Smita. 


An Enquiry Concerning the Principles of Natural Knowledge. 
By A. N. Wuireneap. Cambridge University Press, 1919. 
xii + 200 pp. 

THE aim of this work is to illustrate the principles of natural 
knowledge by an examination of the data and the experiential 
laws fundamental for physical science. The modern theory 
of relativity has opened the possibility of a new answer to 
the question as to how space is rooted in experience and has 
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brought to light a new world of thought as to the relations of 
space and time to the ultimate data of perceptual knowledge. 
“The present work is largely concerned with providing a 
physical basis for the more modern views which have thus 
emerged. The whole investigation is based on the principle 
that the scientific concepts of space and time are the first 
outcome of the simplest generalizations from experience, and 
that they are not to be looked for at the tail end of a welter 
of differential equations.” 

Three main streams of thought—the scientific, the mathe- 
matical, and the philosophical—are relevant to the theme of 
the enquiry. About half the book is given to parts I and II 
on the traditions of science and the data of science respectively. 
In part ITI on the method of extensive abstraction we have a 
philosophical and postulational treatment of the space-time 
manifold; and this is employed in part IV to yield a theory of 
objects. The fundamental assumption elaborated “is that 
the ultimate facts of nature, in terms of which all physical 
and biological explanation must be expressed, are events 
connected by their spatio-temporal relations, and that these 
relations are in the main reducible to the property of events 
that they contain (or extend over) other events which are 
parts of them.” 

R. D, CaRMICcHAEL. 


Differential Equations. By H. Bateman. Longmans, Green 
and Company, London and New York, 1918. xii + 306 pp. 
“TE subject of Differential Equations has grown,so rapidly 

in recent years that it is difficult to do justice to all branches 

of the subject in a single volume.” So reads the opening 
sentence of the preface to the book under review. The state- 
ment is literally true; but it is nevertheless of such form that 
its connotation may be misleading to the learner. One who 
is not acquainted with the subject of differential equations 
may justly conclude from this sentence that it is possible, 
though indeed difficult, to do justice to all branches of the 
subject in a single volume. And yet it is probable that no 

one who knows the field would be willing to maintain such a 

judgment. It is in fact true that it would be difficult to do 

justice to all branches of the subject in ten volumes of the 
size of the one under consideration. 

In the second sentence of his preface the author indicates 
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the purpose of his book in the following language: “In writing 
this book I have endeavored to supply some elementary 
material suitable for the needs of students who are studying 
the subject for the first time, and some more advanced 
work which may be useful to men who are interested more in 
physical mathematics than in the developments of differential 
geometry and the theory of functions.” 

From this it will be seen that the author in his single exposi- 
tion seeks to serve two rather different purposes. In so fat 
as these purposes diverge there is an evident possibility that 
the provision for one will interfere with the best provision for 
the other. It seems to the reviewer, in fact, that- the more 
advanced matter has been provided in such way as to interfere 
with the usefulness of the book to students who are studying 
the subject for the first time. There does not appear to be a 
sufficient indication (even with the help of the preface) as to 
what parts of the book are best suited to the needs of the 
beginner. It is not clearly apparent, indeed, that the author 
himself had in mind a definite separation of material for 
serving the two purposes named. Moreover, the exposition 
from time to time assumes on the part of the reader a range 
of mathematical knowledge which is not the common posses- 
sion of students pursuing the subject for the first time. A 
similar statement may also be made relative to those who are 
interested primarily in physical mathematics. 

These considerations may lead to the fear that the usefulness 
of the book has not been increased by the attempt to serve 
simultaneously two distinct purposes which are not so inti- 
mately bound together as to justify this plan of treatment 
without a more distinct separation and indication of parts 
to serve these purposes. 

Occasionally the rhetorical relations within a sentence might 
be improved. Greater care in proofreading would have 
resulted in the avoidance of several minor blemishes. But so 
far as the reviewer has observed these defects are not likely 
to cause the reader serious inconvenience. 

Having said these things, let us turn now to matters which 
it is more pleasant to dwell upon. Even a rapid examination 
of the contents of the volume will bring out the fact that it 
contains a considerable amount of useful material not easily 
accessible elsewhere, and indeed some new material in Chapters 
VII and VIII. 
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Chapter II (pages 17-59) on integrating factors contains a 
rather wide range of useful and interesting matter, a part of 
which one would hardly expect to find under the title given. 
Further elementary methods of solution are treated in Chapter 
III (pages 60-86) under the heading transformations. In Chap- 
ter V (pages 103-115) we have a brief treatment of differential 
equations with particular solutions of a specified type. Some 
rather interesting results are obtained by starting from this 
elementary point of view, results which it would probably 
be more difficult to secure by any other method. They have 
to do especially with the algebraic integrals of certain im- 
portant equations. Chapters VI to XI bear the following 
titles: partial differential equations, total differential equa- 
tions, partial differential equations of the second order, 
integration in series, the solution of linear difierentia! equations 
by means of definite integrals, the mechanical integration of 
differential equations. 

Chapter VIII (pages 169-222) on partial differential equaions 
of the second order will be found particularly rich in material 
with an appeal to those who are interested primarily in physical 
mathematics. Here one finds a considerable treatment of the 
equation of wave propagation in three dimensions, of the 
Maxwell equations, of the electron equations, of Laplace’s 
equation, and of the equation of the conduction of heat. 

The chapter on solutions by means of definite integrals 
contains a useful summary of material, a part of which is not 
so conveniently found elsewhere so far as the reviewer is 
aware. 

Those who give instruction to elementary classes in differ- 
ential equations will find in this book of Bateman’s a useful 
source of supplementary material of the nature both of addi- 
tional topics for special report by members of the class and of 
problems to furnish a variation from those in the basic text. 
Some of the problems here included are rather unusual in 
character (as for instance 2 and 6 and 17 of the miscellaneous 
examples) and hence are of value to the instructor who wishes 
to introduce greater variety. 


R. D. CARMICHAEL. 
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NOTES. 


Tue concluding (June) number of the Annals of Mathe- 
matics contains the following papers: “Algebraic surfaces, 
their cycles and integrals, by S. Lerscnetz; “The potential 
of ring-shaped disks,” by E. P. Apams; “Total differentia- 
bility. A correction,” by E. J. Townsenp; “Existence 
theorem for the non-self-adjoint linear system of the secand 
order,” by H. J. Err.incer; “ Motion in a resisting medium,” 
by J. K. Wuirremore; “Continuous matrices, algebraic 
correspondences, and closure,” by A. A. Bennetr; “Urn 
schemata as a basis for the development of correlation theory,” 
by H. L. Rrerz; “On pseudo-resolvents of linear integral 
equations in general analysis,” by T. H. HitpEBRANDT. 


TueE following advanced courses in mathematics are offered 
at the Italian universities during the academic year 1920-1921: 


University oF Botoena.—By Professor P. Bureatri: 
Principles of celestial mechanics; figures of equilibrium of 
rotating fluid masses; problems of cosmogony, three hours.— 
By Professor L. Donati: Elementary and general relativity, 
three hours.—By Professor F. Enr1ques: Elementary mathe- 
matics in the light of higher concepts. History of the ideas; 
criticism; problems, three hours.—By Professor S. PINCHERLE: 
Analytic functions; integral analytic functions; ordinary differ- 
ential equations from Lie’s standpoint, three hours. 


University oF Catanta.—By Professor M. 
Theory of groups of finite order with applications, four hours.— 
By Professor G. Scorza: Enumerative geometry; theory of 
invariants, five hours.—By Professor ——: Mathematical 
physics, three hours. 


University or GeNoA.—By Professor G. Lorta: Infinites- 
imal geometry of common space and of hyperspaces, three 
hours.—By Professor C. Severtni: Theory of analytic func- 
tions, four hours.—By Professor O. TEpoNne: Elementary 
theories of electricity and magnetism, three hours. 


University oF Messina.—By Professor P. CaLapso: 
Functions of a complex variable and elliptic functions, four 
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hours.—By Professor G. G1AMBELLI: Singularities of algebraic 
curves; introduction to the geometry on an algebraic curve, 
four hours.—By Professor O. Lazzarrxo: Vector operations 
and functions; fields of force; principles of electrostatics and 
of the statics of elastic bodies, four hours. 


University oF Naptes.—By Professor F. AMoveo: History 
of mathematics: the century of Galileo Galilei, three hours.— 
By Professor A. Det Re: Analytic theory of heat. four and 
one-half hours.—By Professor R. Marcotoneo: Electrody- 
namics; theory of Lorentz; optical applications, three hours.— 
By Professor D. Montesano: Geometry of straight lines and 
of conics in the ordinary spaces, six hours.—By Professor E. 
Pascat: Abelian integrals and functions, three hours. 


Unversity or Papua.—By Professor U. Contact 
transformations and canonical systems, four hours.—By 
Professor F. p’Arcais: Monogenic functions; gamma and 
elliptic functions, four hours.—By Professor P. Gazzanica: 
Theory of numbers, three hours.—By Professor G. Riccr: 
Methods of absolute differential calculus, with applications 
to the theory of elasticity, four hours.—By Professor F. 
SeveR!I; Calculus of probabilities, four hours.—By Professor 
A. Tonoto: Partial differential equations of the first order, 
three hours. 


University oF PaLtermMo.—By Professor G. BaGNERA: 
Complex variables and integral analytic functions; elliptic 
functions, three hours.—By Professor M. Dre FRancuis: 
A study of the real parts of algebraic entities, three hours.— 
By Professor M. Gressia: Vector fields, electro- and magneto- 
statics, four and one-half hours.—By Professor A. SIGNORINI: 
Theory of relativity, three hours.—By Professor V. StRAzzERI: 
Riemann surfaces; algebraic curves; abelian integrals, three 
hours. 


University oF Pavia.—By Professor L. BERzoLaRI: 
Abelian integrals, three hours.—By Professor U. Cisorri: 
Relativity; Einstein’s mechanics, three hours.—By Professor 
F. Gerpatpi: Functions of a complex variable and elliptic 
functions, three hours.—By Professor F. Srprrant: Plane and 
twisted curves; principles of the theory of surfaces and con- 
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gruences of rays, three hours.—By Professor G. VIvANTI: 
Theory of functions of a real variable; Lebesgue integrals, 
three hours. 


University or Pisa.—By Professor G. ARMELLINI: Celes- 
tial mechanics, three hours.—By Professor E. Bertini: 
Projective geometry of hyperspaces, three hours.—By Pro- 
fessor L. Brancut: Functions of a complex variable; algebraic 
numbers and analytical arithmetic, three hours.—By Pro- 
fessor G. A. Macer: Analytical dynamics; equilibrium and 
vibration of elastic bodies; elastic theory of light, four and 
one-half hours. 


University oF Rome.—By Professor G. BIscoNcINI: 
Geometric applications of the calculus, three hours.—By 
Professor E. Bomprant: Continuous groups of transformations, 
three hours——By Professor F. CANTELLI: Mathematical 
statistics, three hours; Actuarial mathematics, three hours.— 
By Professor G. Caste~Nvovo: Complex variables and alge- 
braic functions, three hours.—By Professor U. 
Introduction to advanced theories of electricity and mag- 
netism, three hours.—By Professor T. Levi-Crvrra: Absolute 
differential calculus with applications, three hours.—By 
Professor A. Perna: Complements of mathematical analysis, 
three hours.—By Professor L. Smtua: Differential equations 
of dynamics, three hours.—By Professor V. VoLTERRA: 
General relativity, three hours; Differential equations of 
mathematical physics, three hours. 


University or Turin.—By Professor T. Boce1o: Hydro- 
dynamics, three hours.—By Professor G. Fusint: Differential 
geometry and continuous groups, with special reference to 
the groups of motions and of conformal and projective trans- 
formations.—By Professor C. Segre: Geometry of differential 
equations, three hours.—By Professor C. SoMIGLIANA: 
Theory of oscillations and electromagnetic optics, three 
hours.—By Professor G. Tocuiatt1: Projective differential 
geometry, three hours. 


The following courses are announced in American univer- 
sities for the academic year 1920-1921, in addition to those 
listed in previous numbers of the BULLETIN. 
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University oF Professor E. J. TowNsEnpD: 
Complex variables, three hours; Differential equations, three 
hours.—By Professor G. A. Mitter: Theory of groups 
(introductory course), three hours; Theory of equations, 
three hours (first term).—By Professor J. B. SHaw: Vector 
methods, three hours.—By Professor A. B. Cope; Algebraic 
and abelian functions, three hours.—By Professor R. D. 
CaRMICHAEL: Linear difference equations, three hours.— 
By Professor A. Emcu: Geometric transformations, three 
hours (first term); Geometry in a complex field, three hours 
(second term).—By Professor A. R. CraTHORNE: Theory of 
statistics, three hours.—By Professor G. E. Wauuin: Theory 
of numbers, three hours.—By Professor H. BLUMBERG: 
Theory of aggregates, three hours (second term).—By Pro- 
fessor E. B. Lyte: History of mathematics, two hours 
(second term). 


Universiry.—By Professor E. W. Brown: Differen- 
tial equations, three hours (second term) ; Advanced mechanics, 
three hours.—By Professor J. Prerpont: Theory of functions 
of real variables, two hours; Theory of functions of a complex 
variable, three hours.—By Professor W. R. Lonatey: Theory 
of differential equations, two hours.—By Professor E. J. 
Mies: Advanced calculus, three hours (first term); Dif- 
ferential geometry, two hours.—By Professor J. I. Tracey: 
Modern and differential geometry, three hours; Analytic 
geometry, two hours.—By Professor J. K. WuHItTeMoreE: 
Advanced differential geometry, two hours.—By Dr. W. L. 
Crum: Mechanics, three hours.—By Mr. J. S. MIKEsH: 
History of mathematics, two hours.—By Dr. J. M. Stetson: 
Higher algebra, two hours. 


Tue class of sciences of the Belgian academy announces the 
following subjects for prize memoirs for 1921: (1) a contri- 
bution to the study of the properties of analytic functions 
that do not take certain values in a given domain; (2) a con- 
tribution to the study of birational transformation in a space 
of more than two dimensions. 


Tue adjudicators of the Hopkins prize of the Cambridge 
philosophical society have made the following awards: for 
the period 1903-06, to Dr. W. Burnsivz, of Pembroke College, 
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for investigations in mathematical science; for the period 
1906-09, to Professor G. H. Bryan, of Peterhouse, for investi- 
gations in mathematical physics, including aerodynamic 
stability; and for the period 1909-12, to Mr. T. R. Wiutson, 
of Sidney Sussex College, for investigations in physics, in- 
cluding the paths of radio-active particles. 


Proressor H. Happet, of the University of Tiibingen, has 
been appointed to a professorship at the Breslau technical 
school. 


At the University of Miinster, Professor R. Courant, of 
the University of Géttingen, has been appointed professor of 
mathematics. Associate professor H. Konen has been pro- 
moted to a full professorship of theoretical physics. 


At the University of Kiel, Dr. O. Torptiirz has been pro- 
moted to a full professorship of mathematics, and Dr. E. 
Mavetune to a full professorship of theoretical physics. 
Professor H. June has resigned, to accept an appointment as 
professor of mathematics at the University of Halle. 


Tue Braunschweig technical school has conferred the honor- 
ary degree of doctor of engineering on Professor H. Lorenz, 
of the Danzig technical school. 


At the University of Rostock, associate professor R. 
WEBER, of the department of applied mathematics and physics, 
has been promoted to an honorary professorship; Dr. O. 
Havpt, of the Karlsruhe technical school, has been appointed 
at a professorship; Professor O. StaupE has received the 
honorary degree of doctor of engineering from the technical 
school of Darmstadt. 


AssociaTE professor R. WerrzENB6cK, of the German 
technical school at Prague, has been promoted to a full 
professorship of mathematics. 


Tue following persons have recently been admitted as 
privat-docents in German technical schools and universities: 
Dr. A. Barucu, in mathematics, in the department of mines 
at the Berlin technical school; Dr. J. DEuxEs, in mathematics, 
at the University of Géttingen; Dr. A. LANDE, in theoretical 
physics, at the University of Frankfurt a. M. 
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Dr. A. CuaTELeT has been appointed professor: of mathe- 
matics at the University of Lille. 


Dr. Bou icanp has been appointed maitre de conférences 
in mathematics at the University of Rennes. 


At Cambridge University, Mr. J. E. Litrtewoop, of 
Trinity College, has been appointed Cayley lecturer in mathe- 
matics, and Mr. J. H. Grace, of Peterhouse, has been reap- 
pointed University lecturer in mathematics. 


Proressor L. E. Dickson. of the University of Chicago, 
has been elected corresponucnt of the Paris academy of 
sciences, in the section of geometry, as successor to Professor 
E. Cosserat, elected non-resident member. 


At the University of Texas, assistant professor R. L. 
Moore, of the University of Pennsylvania, has been appointed 
associate professor of pure mathematics. Associate professor 
Jessie M. Jacoss, of Rockland College, has been appointed 
instructor in pure mathematics and assistant professor J. N. 
Micute, of the Texas agricultural and mechanical college, 
has been appointed adjunct professor of applied mathematics. 


Yae University has conferred the honorary degree of 
master of arts on Professor H. E. Hawkes, dean of Columbia 
College. 


Dr. Dante Bucuana\, professor of astronomy and mathe- 
matics at Queen’s University, Kingston, Ontario, has been 
appointed professor of mathematics and head of the depart- 
ment at the University of British Colambia. At Queen’s 
University, assistant professor C. F. GumMMER has been pro- 
moted to an associate professorship, and Dr. NorMAN MILLER 
to an assistant professorship of mathematics; Mr. A. Woops 
has resigned, to accept a lecturership at Western University, 
London, Ontario. 


Proressor S. LEFscHETZ, of the University of Kansas, has 
been granted leave of absence for the year 1920-1921. He 
will spend the first term at the University of Paris, and the 
second at Padua and Bologna. 
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AssisTanT professor E. G. Britt, of Dartmouth College, 
has been promoted to a full professorship of mathematics. 


Dr. J. W. CAMPBELL, of the State University of Iowa, has 
been appointed assistant professor of mathematics at the 
University of Alberta. 


Miss Gertrupe Smita, of Vassar College, has been pro- 
moted to an assistant professorship of mathematics. 


Dr. J. R. Kine, of the University of Illinois, has been 
appointed assistant professor of mathematics at the University 
of Pennsylvania. 


Dr. L. R. Forp, of Harvard University, has been appointed 
assistant professor of mathematics at Rice Institute. 


At Elmira College, Miss Mary Surra, of Beloit College, 
has been appointed head of the department of mathematics, 
and Miss Francis W. Wricat, of Brown University, has been 
appointed instructor. 


Assistant professor A. C. Mappox, of the Oklahoma 
Agricultural and Mechanical College, has been appointed 
professor of mathematics at the Louisiana State Normal 
School at Natchitoches. 


Mr. F. H. Murray and Dr. J. L. Watsu have been ap- 
pointed Sheldon Fellows by Harvard University, and expect 
to spend the coming year studying in Paris. 


Proressor Ipa Barney, of Meredith College, has been 
appointed assistant professor of mathematics at Smith 
College. 


ASsISTANT professor Louisa M. WesstTer, of Hunter 
College, has been promoted to an associate professorship of 
mathematics. 


Dr. C. A. Laisant died May 5, 1920, at the age of seventy: 
nine years. He was founder of the Intermédtare des Mathé 
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maticiens, one of the founders of l’Enseignement Mathé- 
matique, and an editor of the Nouvelles Annales de Mathé- 


matiques. 
Miss Mary A. Co tpitts, instructor in mathematics at the 
University of Wisconsin, died July 11, 1920. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Aurens (W.). Mathematiker-Anekdoten. 2te, stark verinderte Auflage. 
ysikalische Bibliothek Bibliothek, Nr. 18.) Leipzig, Teubner, 
1920. 42 pp. M. 1.40 


BARTHEL Polargeometrie. Berlin, Leonhard Simion 


(M.). Esercizi di calcolo infinitesimale. 3a edizione. van 
Giusti, 1920. S8vo. 10 + 300 pp. L. 8.50 


EncYKLopPApIE der mathematischen Wissenschaften. Band II 3, Heft 3: 
L. Lichtenstein, Neuere Entwicklung der Potentialtheorie. Kon- 
forme Abbildung. Leipzig, Teubner, 1919. M. 7.60 

Fricke (R.). See Perry (J.). 

LicHTENSTEIN (L.). See ENcYKLOPADIE. 


Luckey (P.). Einfiihrung in die 2ter Teil: Die 
als Rechenmaschine. Leipzig, Teubner, 1920. 


Metssner (O.). Wahrscheinlichkeitsrech ltes Bandchen: 
lehren. 2tes Bandchen: Anwendungen. Leipzig, 


Mun (T.). The theory of determinants in the historical order of develop- 
ment. Volume 3: The period 1861 to 1880. London, Macmillan, 
1920. 26 + 503 pp. 


Pasco (M.). Mathematik und Logik. 4 Abhandlungen. 1919. 


Perry (J.). Hoéhere Mathematik fiir Ingenieure. Autorisierte 
Bearbeitung von R. Fricke und F. Siichting. 3te Auflage. naipsig, 
Teubner, 1919. 20.00 


Praceio (H. T. H.). An elementary on differential equations 
their applications. London, Bell, 1920 

PINCHERLE Lezioni di calcolo dettate nella R. 
versita di e redatte per uso degli student?. 2a edizione 
riveduta. Bologna, Zanichelli, 1920. 8vo. 8+785 -p. L. 40.00 


Riemann (B.). See WEBER (H.). 
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J. students. N 


(F.). See Perry (J.). 


Physik. Riemanns Vorlesungen Iter Band. 
Auflage. Braunschweig, 1919. M. 14.00 
II. ELEMENTARY MATHEMATICS. 
Crantz (P.). Arithmetik und bra zum Selbstunterricht. 2ter Teil: 
Gleichungen. 5te Auflage. ipzig, 1919. M. 1.75 
Crespr (B. Esercizi e i di aritmetica, geo- 


Genio ci 14.95 
Gi). See (P.). 


Geriaco (A.). Von schénen Rechenstunden. 4te vermehrte Auflage. 
Leipzig, Quelle und Meyer, 1919. Age M. 8.00 


Panizza (F.). Aritmetica pratica. 4a edizione, riveduta e corretta. 
(Manuali Hoepli.) Milano, Hoepli, 1920. 24mo. eg OO 


Cours de géométrie. Tome 1. 2e 
édition. Paris, Dunod 12mo. 8 + 272 pp. Fr. 9.75 
Soiusrri (A.). See L). 
III. APPLIED MATHEMATICS. 
AncersBacH (A.). Das leichtfasslich entwickelt. 


(Mathematisch-physikalische Bibliothek, Nr. 39.) Leipzig, Teubner, 
1920. 57 pp. 

Barrstow (L.). Applied aerodynamics. London, Longmans, 1920. 
12 + 566 pp. 32s. 


Brenvew (M.). See (F.). 
Brose (H. L.). See Scurick (M.). 


Brown (E. W.). Tables of the motion of the moon. Prepared with the 
assistance of H. B. Hedrick. Six sections. New Haven, Yale Uni- 
versity Press (printed by the Cambridge University Press), 1919. 

13 + 140 + 30 + 223 +99 + 56 + 102 pp. $20.00 
Deprez (M.) et Sousrier (M.). Les lois fondamentales de I’électrotech- 
nique. Paris, Dunod, 1920. Svo. 758 pp. Cartonné. Fr. 34.50 


i oe (A.) et Lomparp (J.). Cours de dessin industriel. Tome 3. 
2e édition, nouveau tirage. Paris, Dunod, 1919. Fr. 9.00 


Einstein (A.). Ueber die spezielle und die allgemeine a. 
theorie. 4te Auflage. Braunschweig, 1919. M. 2.80 


—— See Lorentz (H. A.). 
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J. A). ics 
( A), lor engineers. 
Gauss (C. F.). See Kuzm (F.). 
Hepricx (H.'B.). See Brown (E. W.). 
@ (R.). Kleine Sternkunde. Stuttgart, Kosmos, Fran 


1919. 109 pp. Geh. 3.66 
vER (L.). L’aviation de transport. 

L’utilisation économique des appareils. Paris, Dunod, 1919. 233 
pp. + 3 cartes. Fr. 33.00 
Kuen (F.), Brenpex. (M.) und Materalien 
wissenschaftliche Biographie von Gauss eft 7: Ueber die 
nomischen Arbeiten von Gauss. Iter Abschnitt Theoretische 
Astronomie, von M. Brendel. Leipzig, Teubner, 1919. M. 6.00 


Luypemann (F. A.). -See Scunick (M.). 

LomsBarp (J.). See Dupuis (A.). 

Lorentz (H. A.), Envsrein (A.) und Minkowski (H.). Das Relativitits- 
prinzip. 3te, verbesserte Auflage. Leipzig, Teubner, 1920. 146 pp. 

Muyxowsk: (H.). See Lorentz (H. A.). 


eines auf der Rotationsachse 
(Dissertation.) Halle, 1919. 
5 di geometria descri 
i 2a edizione. (Manuali 
. 24mo. "12 + 197 pp. con 2 tavole. 

Scuerrers (G.). or po der Mathematik fiir Studierende der Natur- 
wissenschaften und der Technik. 4te verbesserte Auflage. Berlin, 
Vereinigung wissenschaftlicher Verleger (Walter de Gruyter), 1919. 

Scuiesincer (L.). See Kiem (F.). 

Scuuicx (M.). Space and time in contem ics. Rendered into 
English by H. L. Brose. Introduction by Oxford, 
1920. 

Sousrier (M.). See Deprez (M.). 


Tx G.P.). Applied aerodynamics. London, Hodder and 
on, 1920.20 pp 


VALENTINE Die Grundlagen der in elementarer 
2te, erweiterte Auflage. 1919. M.3.60 


